
This article was downloaded by: [Tomsk State University of Control Systems and Radio]
On: 19 February 2013, At: 12:49
Publisher: Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered
office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

Molecular Crystals and Liquid Crystals
Incorporating Nonlinear Optics
Publication details, including instructions for authors and
subscription information:
http://www.tandfonline.com/loi/gmcl17

High Temperature Superconductors,
RVB, and Conducting Polymers
S. Kivelson a & G. T. Zimanyi a b
a Department of Physics, SUNY at Stony Brook, Stony Brook, NY,
11794
b Central Research Institute for Physics, Budapest, Hungary
Version of record first published: 28 Mar 2007.

To cite this article: S. Kivelson & G. T. Zimanyi (1988): High Temperature Superconductors, RVB, and
Conducting Polymers, Molecular Crystals and Liquid Crystals Incorporating Nonlinear Optics, 160:1,
457-481

To link to this article:  http://dx.doi.org/10.1080/15421408808083039

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.tandfonline.com/page/terms-and-conditions

This article may be used for research, teaching, and private study purposes. Any
substantial or systematic reproduction, redistribution, reselling, loan, sub-licensing,
systematic supply, or distribution in any form to anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any representation
that the contents will be complete or accurate or up to date. The accuracy of any
instructions, formulae, and drug doses should be independently verified with primary
sources. The publisher shall not be liable for any loss, actions, claims, proceedings,
demand, or costs or damages whatsoever or howsoever caused arising directly or
indirectly in connection with or arising out of the use of this material.

http://www.tandfonline.com/loi/gmcl17
http://dx.doi.org/10.1080/15421408808083039
http://www.tandfonline.com/page/terms-and-conditions


Mol. CvSt. Liq. CvSt.., 1988, Vol. 160, p ~ .  457-481 
Reprints available directly from the publisher 
Photocopying permitted by license only 
0 1988 Gordon and Breach Science Publishers S.A. 
Printed in the United States of America 

High Temperature Superconductors, 
RVB, and Conducting Polymers 
S. KIVELSON and G. T. ZIMANYI' 
Depament of Physics, SUNY at Stony Bnwk, stony Bmok, NY 11794 

There is a strong analogy between the resonating-valance-bond (RVB) theory of high 
temperature superconductivity and the theory of doped conducting polymers. We have 
computed the properties of the onedimensional electron-gas with repulsive electron- 
electron interactions and attractive interactions mediated by electron-phonon cou- 
pling. For the nearly half-filled band we find that the repulsive interactions strongly 
errhance the tendency for superconductivity. Finally, we discuss the implications of 
our results in terms of strategies for producing highly conducting metallic, or super- 
conducting polymers. 

1. INTRODUCTION 

An old question has been endowed with renewed urgency by the 
discovery of high temperature superconductivity is whether super- 
conductivity can arise from purely repulsive electron-electron inter- 
actions. This is particularly so in the light of the delicate balance that 
exists in these materials between magnetism, which is generally as- 
sociated with strong repulsive interactions, and superconductivity. In 
this note we study the properties of the one-dimensional electron gas 
with repulsive electron- electron interactions and retarded attractive 
interactions mediated by the electron-phonon interaction. Among 
other results, we will show that while divergent superconducting fluc- 
tuations do not arise in the purely repulsive model, the addition of 
even very weak attractive interactions drives the system to a regime 
of strongly divergent superconducting fluctuations. It is important to 
stress that the situation here is fundamentally different than in three 

'On leave from Central Research Institute for Physics, Budapest, Hungary. 
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458 S. KIVELSON AND G. T. ZIMANYI 

dimensions. In three dimensions, the fact that the repulsive Coulomb 
interactions are renormalized to a weak pseudo-potential implies that 
the strong repulsive interactions do not necessarily destroy supercon- 
ductivity; in one-dimension they actually drive the superconducting 
instability. Of course, a strictly one-dimensional system can never 
undergo a phase transition to a state with a broken continuous sym- 
metry. However, we make the standard argument, which we will 
return to in Section VI, namely, that the presence of weak interchain 
coupling can produce a genuine superconducting transition at a tem- 
perature which is a significant fraction of the characteristic temper- 
ature at which the superconducting fluctuations begin to diverge in 
the purely one-dimensional model. Thus, we will refer to a state with 
a divergent superconducting , charge-density-wave (CDW) , or anti- 
ferromagnetic, susceptibility as being superconducting, CDW, or anti- 
ferromagnetic. Note that it is possible for more than one susceptibility 
to diverge in a given state. 

The paper is organized as foliows: in Section 11, we define the 
discrete and continuum models of the one-dimensional electron gas 
with strong repulsive and weak retarded interactions. In Section I11 
we solve the continuum model using a combination of exact results 
for the spectrum and renormalization group results for the correlation 
functions. This section is rather technical and can be skipped by the 
casual reader. In Section IV we analyze the electron-gas in terms of 
simple valence bond states and show that the results produce the 
same low energy physics as the “exact” solution in the appropriate 
region of interaction space. This analysis is almost pictorial, and can 
be understood without reading Section III. In Section V we discuss 
the relation between our results and the resonating valence bond 
theory of high temperature superconductivity in quasi-two dimen- 
sional systems. Finally, in Seetion VI we discuss the implications of 
our results in terms of strategies for producing more highly metallic 
conducting polymers, and especially for high-temperature supercon- 
ducting polymers. 

II. THEMODELS 

The models we consider can all be considered to be various limits of 
the extended Hubbard-Peierls model D
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HIGH TEMPERATURE SUPERCONDUCTORS 459 

Here & is the pure electronic extended Hubbard model 

-2 t,[CLCn+b + h.~.]  
nJ 

r 1 

3’ 
where C& creates an electron of spin s on site n, p is the chemical 
potential, h is an external magnetic field, and W, is a repulsion 
between bond-charge density, as distinct from the site-charge-density 
repulsion (U and V) present in the usual extended Hubbard model. 
(See discussion in Ref. 1). For widely separated sites, i.e. when t << 
U, we expect 1/2 U > V >> W,. For p = h = 0, the Hamiltonian 
& is charge conjugation symmetric, as can be seen by applying the 
charge conjugation operator defined in Ref. 2. Thus, p = 0 corre- 
sponds to a half-filled band. 

The electron-lattice interaction is represented by including a de- 
pendence of the site energy and hopping matrix elements on the lattice 
degrees of freedom, vn and u,: 

= 2 rn[CLCN - 1/21 - StN[C,Sn+. + h.c.1 (34  
N N 

where we assume linear electron-phonon coupling, 

Thus, vn is an internal molecular coordinate at site n which couples 
to the site charge as in the molecular crystal model of Holstein: and 
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460 S. KIVELSON AND G. T. ZIMANYI 

u,, modulates the bond between site n and site n + 1, and hence 
couples to the bond charge as in the Su-Schrieffer-Heegei' (SSH) of 
polyacetylene. (In the SSH model, u,, is the change in the bond length, 
and hence is the difference in the displacements of sites n and n + 
1, u,, = [x,,+, - x, - a].) Of course, u,, and v,, need not necessarily 
represent lattice degrees of freedom; u,, could just as well represent 
the effect of a localized electronic degree of freedom associated with 
the bond from n to n + 1, in which case it might be a discrete variable. 

Finally, the pure lattice part consists of a sum of a kinetic energy 
term T(u,,, v,) and a potential energy V(v,, u,,). In the simplest cases, 
u,, and v,, represents fairly local modes, i.e. Einstein oscillators. In 
this case 

where P,, and P,, are respectively the momentum conjugate to u,, and 
v,,. (Alternatively, if u,, represents an acoustic lattice deformation, as 
in the SSH model, then u,, = x,,,, - X,, and P,, is the momentum 
conjugate to x,,.) 

There are two interesting limits of the lattice dynamics which can 
be easily considered. If the lattice is fast, that is if u, represents an 
optical phonon or excitonic mode which has an energy h, large com- 
pared with the relevant electronic energy then u, can be integrated 
out in the inverse adiabatic approximation. The result is an effective 
Hamiltonian for the electronic degrees of freedom of the same form 
as Eq. (2) but with renormalized values of the parameters. Since U 
and V are already large, the renormalization of these parameters is 
unimportant. However, Wi can easily become attractive 

where A = 8az/?rKte is the dimensionless bond-charge phonon cou- 
pling. We return to discuss this case in Section IV. The other limit 
is when the phonon is slow compared to the electronic degrees of 
freedom. With weak electron-phonon coupling and no electron- 
electron interactions, this model is just the SSH model of polyace- 
t ~ l e n e . ~  This model, and its extension to include weak:" and 
intermediate' and stron9 electron-electron interactions has been 
studied extensively in the context of polyacetylene. (For a review, 
see Ref. 9). 
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HIGH TEMPERATURE SUPERCONDUCTORS 461 

Finally, for weak coupling, the model can be studied in the con- 
tinuum limit. The appropriate continuum model is familiar10-12 from 
“g-ology” : 

where J?,(x) is a two component spinor field, JI:, + (x)  creates a 
right moving electron of spin s and crystal momentum n/2a (corre- 
sponding to kF for the half-filled band), 4 ~ : ~  + ( x )  creates a left- 
moving electron, glu and gl, are the backscattering matrix elements, 
g2 and g4 are the forward scattering matrix elements, and g3 is the 
umklapp scattering. If these parameters are derived by taking the 
naive continuum limit of Eq. (2), then to first order hV, = ~ J Z ,  gl, 

4W]a, and g4 = (U + 2V)a, where a is the lattice constant. (The 
overall phase of g, is a matter of convention since the Hamiltonian 
is invariant under the transformation JIt,(x) + ef,+JIb(x), JlzF(x) - 
e$++%(x) and g3 + e2i(Qn-*I) g3.) For any model which is spin rota- 
tionally invariant, gIl, = g,, . To complete the definition of the model 
a regularization procedure must be specified; in this case we introduce 

= [U - 2 v  + 4w)a = g111, gz = [U + 2V]a, g3 = [U - 2 v  - 
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462 S. KIVELSON AND G. T. ZIMANYI 

a band-width cutoff, EF - AV&, corresponding to the Fermi energy. 
Note, unlike many other workers we treat the half-filled and non- 
half-filled bands on an equal footing by varying p; for large F, g, 
becomes unimportant. g4 is always relatively unimportant; it simply 
produces a shift in the spin and charge velocities, V, = VF (1 + g4) 
and V, = VF (1 - g4) respectively. 

Similarly, the continuum version of &ph can be constructed as in 
Ref. 13. 

where A(x) is the 2kF component of the hopping matrix modulation, 
A(na) = 1/2( - l)”[St,, - 6tn-l], &(x) is the 2kF component of the 
site energy modulation, &(na) = 1/4( - l)”[2en - en+l - e,-J, and 
h ( x )  is the k = 0 component of the site energy modulation, &(na) 
= 1/4[2e,, + + en-1]. Again, there is an arbitrariness in the 
phase here; we have made the same choice of phase as in Eq. (6) so 

c ( W % + S )  f 0 (84 

signifies a bond-centered charge-density wave and 

c (JlS+ElJts) = 0 
S 

signifies a site-centered charge-density wave. 
Finally, the h,, is simply the Hamiltonian of an Einstein oscillator 

where T,, is the momentum conjugate to A, and T, are the momenta 
conjugate to +a. 

111. SOLUTION OF THE CONTINUUM MODEL 

The continuum model with non-retarded interactions has been ex- 
tensively studied, and a variety of features of the solution are knowdo- 
l2 (i) So long as excitations involving states at the band edges can be 
ignored the Hamiltonian can be reexpressed as the sum of a charge 
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HIGH TEMPERATURE SUPERCONDUCTORS 463 

and spin part; all physical correlation functions are expressible as a 
product of a spin factor and a charge factor. (ii) In the perturbative 
expansion of different correlation functions logarithmic singularities 
appear in every order. Therefore one has to sum up at least the most 
divergent contributions e.g. by applying the multiplicative renor- 
malization group (RG). We study the lowest order scaling equations 
because they already establish the qualitative equivalence of the model 
with weak bare couplings to some solvable models. The RG flows 
are determined by integrating out the states between EF and E;. The 
following scaling -equations &e obtained 

1 
TVC g: = -& 

where g; signifies a derivative of gj with respect to ln(Ek) and g, = 
glll - 2g2. (When E; is of order p, the scaling equations cross over 
to those of an incommensurate system which are the same as those 
in Eqs. (10) with g3 (the umklapp scattering) set equal to zero.) (iii) 
The spin excitation spectrum is gapless if g, > 0, and has a gap As if 
g, < 0. The charge excitation spectrum is gapless if g, 1 Is3], and has 
a gap A, otherwise. However, the Fermi energy lies in the gap only 
so long as p < A,. (iv) The ground-state has a divergent antiferro- 
magnetic susceptibility if As = 0 and if the charge spectrum has a 
gap at the Fermi surface; it has a divergent singlet superconducting 
andor CDW susceptibility if As > 0 and if there is no gap to charge 
excitations at the Fermi surface. (v) We will show in Sect. IV that 
for g, < k3/, g, < 0, and g3 > 0, (i.e. for U > 2V > 0 and W < - 1/ 
4 (U - 2V)) the strong-coupling limit can be completely analyzed 
in terms of nearest-neighbor valence bond states, in direct analogy 
with the RVB analysis of the 2d problem. In particular, the charge 
excitations are spinless solitons, which can be thought of as bosons 
with short ranged repulsive interactions, and the spin excitations are 
massive, neutral solitons. 

In the half-filled repulsive Hubbard model (U - 2V + 4W L 0), 
antiferromagnetic fluctuations dominate over superconductivity and 
even on doping the system fails to become superconducting. How- 
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464 S. KIVELSON AND G. T. ZIMANYI 

ever, the following fact is conspicuous. The scaling trajectory for the 
spin-degrees of freedom follows the separatrix between the As = 0 
and As > 0 phases and eventually scales to the unstable noninteracting 
fixed point g,, = g, = 0. Thus one suspects that a small additional 
attraction might make the trajectories enter the As > 0 phase. 

We thus consider the effect of a weak retarded attraction which 
could arise due to a weak coupling of the electrons to almost any 
other degrees of freedom, since second order perturbation theory 
gives a negative contribution to the low energy states. We consider 
explicitly two extreme models of electron-lattice coupling: (i) the SSH 
model in which the lattice distortions modulate the electron-hopping 
matrix elements, (a # 0, p = 0) which we will refer to as coupling 
to the bond charge, and (ii) the molecular-crystal (MC) model in 
which an optical phonon couples to the electron site energy (a = 0, 
p # 0). The phonon propagator takes the usual Bose form, D(k,o) 
= 02(k)/(02 - 02(k)).  For an SSH coupling, the coupling vanishes 
at zero momentum transfer, so we can approximate the dispersion 
by its value at the zone boundary, o(k)  = o(2kF) = 0,. For the MC 
model, we can approximate the optical-phonon dispersion by an Ein- 
stein oscillator. Thus, o, is roughly k independent and its frequency 
dependence can be approximated by 

thus, we definel4J5 retarded interaction gj analogous to the instan- 
taneous interactions gp For the SSH model -gl = g3 = 4(a2/K)a > 

K)a > 0. 
The one loop scaling equations for this two cut-off model can be 

derived simply.' The scaling equations for the instantaneous inter- 
action gj (Eqs. 10) are unaffected by the presence of retarded inter- 
actions to this order. The equations for the retarded interactions are 

0 and g2 = 0 while for the MC model -& = -g3 = -g2 = (P2/ 
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HIGH TEMPERATURE SUPERCONDUCTORS 465 

These results differ from earlier re~ul ts '~J~ by the presence of cross- 
terms gigk. The scaling equations for & and g3 can be combined to 
produce two separate scaling equations for g' = gl -+ g3 

1 
[3/2 g, 2 g3 + 1/2 gc] g' + g*2 

g'= = * 
which implies, among other things, that if initially g, = +g3, as in 
both the MC and SSH models, this equality is preserved by the scaling 
equations. In addition to these equations, oD also renormalizes due 
to the Peierls softening;1oJ1 for the SSH model 

(Note that p does not renormalize. This can be seen by bosoninzing 
the theory.u The density of electrons is then proportional to a,@, 
and hence the chemical potential is a topological term since it mul- 
tiplies a total derivative.) 

There are several important consequences of Eqs. (12) that are 
immediately apparent. A positive derivative implies that gj scales 
toward large negative values as high energy degrees of freedom are 
integrated out. For dominantly repulsive interactions, the cross terms 
are the most important, since gj >> gj. For the SSH model of He,-,, 
the first term in Eq. (12a) is negative, while all the other terms are 
positive, including the g" terms while in Eq. (12c) the first term is 
positive, and al l  other terms are negative. Thus, as g, scales to zero, 
and g, and g3 scale to larger magnitudes according to Eqs. (lo), gl 
in particular, and g3 also scale to larger magnitudes at an ever-in- 
creasing rate, and this rate is proportional to the strength of the 
electron-electron repulsion. If we make the crude approximation 

-(3/2g, + g 3  + l/2gc)= -(3/2)AUa>>gforEF>>Eb>%, 

then 

where gl is the bare value of gl, g,(E;) is its renormalized value after 
integrating out the states between EF and Ek, 0 = (3D)A U~ITV, ,  
and A is a number of order one which depends weakly on Eb. For 

> g, the scaling is even faster. 
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466 S. KIVELSON AND G. T. ZIMANYI 

The perturbative scaling equations break down when gj/-vF gets 
to be of order one, and even the notion of scaling equations becomes 
dubious; it is only in the vicinity of the (unstable) fixed point at gj 
= 0 that we can safely ignore the irrelevant interactions that are 
generated as we integrate out the high energy degrees of freedom. 
Faced with this, one traditionally notes that the value of Ek at which 
gj gets to be of order one is a characteristic energy of the problem 
which can roughly be identified as the gap A. In the present problem, 
a crossover in the scaling equations can also occur when E;: - o, 
where o, is defined by the expression o, = q-,(w,) and wD(Ek) is 
the renormalized value of after that states with energy between 
& and E; have been integrated out. Hence o, is the physical phonon 
frequency. Because it is the simplest case, we will discuss here the 
situation in which w, > Ac, As. (The case Ac7 As >> o, has been 
treated5-9 in the context of polyacetylene near half-filling and is qual- 
itatively similar to the present results. The case A, > w, > As is 
complicated and will be treated in a future communication.) When 
W - oo, gj and gj represent practically the same scattering process, 
and we can approximately represent their combined action in terms 
of a single, non-retarded interaction 

where g,(o,) and g,{o,) are obtained by integrating the scaling equa- 
tions from & to 0,. (There is also a small renormalization of the 
Fermi-~elocity'~ which arises from integrating out the states with 
Ek - o,.) The result is that the properties of the system at energies 
small compared to o, can be derived from a standard g-ology model 
with interactions g7, and band-width 0,. 

Several important physical consequences of the scaling equations 
can be derived simply: 

(i) Even if the bare interactions are dominantly repulsive (i.e. g, 
>> Ell), if o0/EF is sufficiently small, the low energy properties of 
the system will correspond to a negative g;. Thus, the system 
will have a non-zero spin-gap and the possibility of divergent super- 
conducting and CDW susceptibilities. Moreover, as shown in Eq. 
(15), this gap will be larger, the stronger the repulsive interactions. 

(ii) Because of the decoupling between the spin and charge degrees 
of freedom the gap in the spin excitation spectrum is approximately 
independent of doping concentration for low concentration. 

(iii) Despite the fact that the low energy properties are character- 
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HIGH TEMPERATURE SUPERCONDUCTORS 467 

istic of attractive interactions, at high energies or temperature, E >> 
oo, the fact that the bare interactions are repulsive implies that the 
dynamic anti-ferromagnetic susceptibility should be large. 

To obtain explicit expressions for the correlation functions, we must 
find a model along the scaling trajectory which we can solve in a 
controlled approximation. At present, we can only do this in a rather 
crude level of approximation. Here we sketch the results. The ap- 
propriate excitation spectrum, and the spin and charge factors for 
each correlation function of the g-ology model in Eq. (6) can be 
related1°-12 exactly (via bosonization) to the solution of a massive 
Thirring model 

Vo = Vs = VF 5/4 [l + 3/10 ~ l l J  

Po = 0 

and D
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468 S. KIVELSON AND G. T. ZIMANYI 

where yj = gj/mVF are dimensionless coupling constants. The spec- 
trum of this model for p = 0 has been computed by Bethe ansatz, 
however the correlation functions are not known. The model is, of 
course, soluble on the Luther-Emery (LE) line where go = 0. How- 
ever, we cannot simply assume that the correlation functions of the 
original model can be related to the solutions of the model on the 
LE line by using of the scaling equations, since the scaling equations 
are only exact near the unstable fixed point at gj = 0. Away from 
this point, the irrelevant interactions which are generated upon in- 
tegrating out the high energy states cannot be ignored, and since the 
LE lines occur when y1 and/or ye = - 6/5, the irrelevant interactions 
can, in principle, be substantial. 

Since the spin-spectrum has a gap, this does not produce major 
difficulties in handling the spin degrees of freedom. The only effect 
of the irrelevant interactions is to renormalize the spin-gap; the gap 
cuts off the antiferromagnetic and triplet-superconducting fluctua- 
tions, and the spin contribution to the singlet-superconducting and 
CDW susceptibilities is a constant factor proportional to the square 
of the gap." 

For the doped system, the irrelevant interactions change the charge 
excitations from non-interacting quasi-particles to an interacting sys- 
tem. Thus, it is not reasonable to scale as far as the LE line. If we 
scale the system to the vicinity of the LE line, so that 

the model is still soluble in the sense that scattering between the 
negative and positive energy states can be trated in perturbation 
theory1' in X. In studying the low energy properties of the system, 
we can linearize the spectrum about p, which results in a new effective 
Hamiltonian, of the same form as H,, but with A, = 0 (massless 
Thirring model) and the remaining terms determined up to pertur- 
bative corrections in powers of X from the parameters of the original 
model according to V, = V,(p - Ac)/Ac, the band-width cutoff EF 
= lp - AJ, and the interaction go unchanged. The massless Thirring 
model is exactly soluble by bosonization. To minimize the importance 
of the irrelevant interactions, we would like to stop the scaling where 
yj is as small as possible. However, the smaller the value of go where 
we stop scaling (hence the closer -ye is to -6/5), the more accurate 
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HIGH TEMPERATURE SUPERCONDUCTORS 469 

is our perturbative solution of the MT model. The optimal accuracy 
is thus obtained if we scale to the point Ek where both 

X = ),I 2nV, In e) and Y = Iy,l In &) 
are smaller than 1. This can be done with only moderate accuracy. 
What this means is that while the low energy, long wavelength prop- 
erties of the charge excitations are well approximated by a Massless 
Thirring model, we can only approximately determine the depend- 
ence of the parameters of that model on the bare parameters. For- 
tunately, none of our conclusions are extraordinarily sensitive to the 
precise values of any of these parameters. 

Combining all these results we obtain an approximate expression 
for the two divergent susceptibilities at low temperatures, kT < min 
{As,E*}: the superconducting susceptibility is obtained as: 

and for the incommensurate CDW susceptibility we obtain 

where the exponents 

8, = (1 + Y4 + '/2YC)= 
1 + Y4 - m c  

and the characteristic energy below which the fluctuations begin to 
diverge is the minimum of As and 

E* = Ipl - A,. (23) 

As mentioned above we can only roughly calculate the value of 8, in 
terms of the parameters of the original model, but since both X and 
Y must be small, 0 > y, > - 6/5, and hence 1/2 < 8, C 1-the CDW 
susceptibility is thus the most divergent, but the superconducting 
susceptibility is likely comparably divergent. It is easy to see as well 
that the stronger the bare repulsive interactions the larger the As, 
and hence the stronger the fluctuations. The only important role of 
the retarded interactions is to produce a gap in the spin spectrum. 
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470 S. KNELSON AND G. T. ZIMANYI 

IV. VARIATIONAL ANALYSIS IN TERMS OF VALENCE BOND 
STATES 

In this section we consider the purely electronic Hamiltonian given 
in Eq. (2) in the strong coupling limit U - 2V >> t, and W < 0. 
We consider the case of attractive bond charge interaction W, --* W 
C 0 in Eq. (2). We treat this problem in terms of a variational ansatz 
for the ground state and the low lying excited states. 

Our ansatz wave function for the ground state for the half-filled 
band is constructed out of a product of nearest-neighbor valence bond 
pairs. Because of the one-dimensional geometry, there are only two 
such states we can construct, as shown in Fig. la. Thus, for instance, 
/+A) is the state 

l+A) = n' bL + 10) (244 
n 

where 

where the prime signifies that the product is over half the number of 
sites and the phase convention for the valence bond states is defined 
in Eq. (24b). Since I+A) and I+B) are macroscopically distinct, we 
must choose one or the other to be the ground state (broken sym- 
metry). Thus, as with the Laughlin'* state in the quantum Hall effect, 
we have constructed a variational trial state with no variational pa- 
rameters. The variational ground state energy is easily evaluated to 
second order in t: 

where N is the number of sites and 

J = -w + 2t*/(U - V) (26) 

is the effective coupling. This is a fairly good variational energy, but 
we do not consider it worthwhile to cumpare it to variational energies 
of states with different symmetry. 
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HIGH TEMPERATURE SUPERCONDUCTORS 471 

As long as our variational ansatz is a good approximation to the 
true ground state, it has broken symmetry; perturbative corrections 
cannot change this conclusion. It can be characterized by a charge 
density wave order parameter 

where 

In A-phase 

while in B-phase 

All other correlations are short-ranged for the half-filled band since, 
as we shall see, there is a gap to spin and charge excitations. 

The energy of spin excitations can also be estimated variationally 
by constructing a plane wave of spin soliton states of the sort shown 
in Fig. lb.: 

in terms of which 
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a)  

FIGURE 1 Diagrammatic representation of valence bond states. Here a line between 
two sites represents a singlet pair on those two sites. 
a) The two possible valence bond ground states. The numbers label the latrice sites. 
b) A spin-soliton on site n. Here the isolated site n is occupied by a single electron 
of the indicated spin. 
c) A positively charged soliton. Here the isolated site n is unoccupied. 
d) A positively charged soliton with extended valence bond pair. Note that from a 
topological point of view, the soliton is on site n + 1 (or n - I), not on site n. 
e) A negatively charged soliton. (see c). 
f )  A negatively charged soliton with an extended valence bond pair. 

The dispersion relation of the spin quasi-particle is then computed 
according to 

I1 2 5cos (2k) - 4 
3 5 - 4cos (2k) 

= J{t - - [ D
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HIGH TEMPERATURE SUPERCONDUCTORS 473 

In computing E(k) we have used the relations 

and 

E(k) is minimal for small k, E(k) = As[l + Ak2] where As = 7/12 J 
and A = 144/7. 

Note that the spin excitation is indeed a topological soliton in that 
it is a domain wall between A-phase and B-phase. Thus, spin quasi- 
particles must be created in soliton-anti soliton pairs (the gap to spin 
excitations is 2As), and they can never pass each other. To construct 
multi-soliton wave-functions, they can be treated as hard-core bosons 
or spinless fennions. (In one dimension, there is not distinction be- 
tween the two.) Their quantum numbers are easily determined by 
inspection: they are locally charge neutral and they have spin 1/2. 
An important consequence of their topological nature is that even a 
very dilute gas of them destroys the long range charge density wave 
order. In particular, if we consider the charge-density wave corre- 
lation function in the presence of a finite concentration of these 
neutral solitons 

where R, is the soliton number operator such that fin = 1 if site n 
is occupied by a soliton (regardless of its spin) and Nn = 0 if site n 
is unoccupied, and a is an exponent which can be computed in terms 
of the density-density correlation function of the soliton gas, and 
depends somewhat on the soliton-soliton interactions (see discussion 
of the Massive-Thirring model above). 

The nature of the charge excitations can be, studied by a similar 
variational ansatz. To study the charge + e soliton states, we consider 
diagonalizing the Hamiltonian in the subspace of states of the sort 
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474 S. KNELSON AND G. T. ZIMANYI 

shown in Figs. l c  and Id. I+,+) is a state with a positively charged 
soliton at position n 

and I$,,) is a state with a positively charged soliton at position n 
and a long bond connecting sites n - 1 and n + 1 

1 

The approximate eigenstates are thus of the form 

1 
I&+) = ekm {uklk!m+) + vkl$Zm+l+)) (35) 

and U k h k  is computed from the solution of the characteristic equation. 
The resulting excitation spectrum is 

~~ 

EP) = - U + - 5J + 4W & JE)’ + 4t2sin2(k) 
(36) 

2 2  

U 
2 

= - -c 2tJsin(k)l 

where the second line is valid for t >> J. By charge conjugation 
symmetry, the analogous states with negative charge can be obtained 
by placing two electrons on the positively charged solitons. 

As with the neutral quasi-particles, these charged quasi-particles 
are topological solitons. For the half-filled band, the gap to charge 
excitations is thus Ac where 

Ac = - U + sJ + 4W - J(7)’ + 4t2 2 2  
(37) D
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HIGH TEMPERATURE SUPERCONDUCTORS 475 

The quasi-particles have charge & e and spin 0. At finite concentration 
(that is, at non-zero chemical potential) the charge density wave 
correlation function behaves as in Eq. (18) where N, now measures 
the occupation number of charged solitons. Similarly, we expect power- 
law correlations for the super-conducting fluctuations 

where at this level of approximation, a is the same exponent as in 
Eq. (32) for the CDW correlation. Again, the charged quasi-particles 
could equally well be characterized as hard-core bosons or spinless 
fermions. 

V. THE RELATION TO RVB THEORY 

The RVB theory is based on a variational ansatz similar to the one 
in Section IV for the ground state of the half-filled band in a two- 
dimensional Hubbard model, and on an analysis of the quasi-particle 
excitations. Like that theory, we have found superconductivity from 
dominantly repulsive, short-ranged interactions in a nearly half-filled 
Hubbard model. At high temperatures or energies, both the Id and 
2d systems behave like a fluctuating Heisenberg anti-ferromagnet. lo,% 

We find that in one-dimension the charge excitations are spinless 
solitons, and the spin-excitations are chargeless solitons, as they are 
in the RVB state.21 We find, moreover, that there is a gap in the 
spin excitation spectrum, which is consistent with the two-dimensional 
analysis of Kivelson, Rokhsar, and Sethna?' and the earlier analysis 
of Fazekas and Anderson," and in contrast to the recent work of 
Baskaran, Zou, and but this could be special to one- 
dimension where there is no valence bond resonance. While the dif- 
ference between bosons and spinless fermions is not clear in one- 
dimension, the fact that the characteristic energy scale for supercon- 
ducting fluctuations is determined by the degeneracy temperature of 
the holes, E*, rather than some lower, pairing energy, suggests that 
they are best thought of as bosons with repulsive interactions. This 
is again reminiscent of the RVB theory where the holes are 
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VI. STRATEGIES FOR PRODUCING HIGHLY CONDUCTING 
AND SUPERCONDUCTING POLYMERS 

S. KIVEUON AND G. T. ZIMANn 

There can be no finite temperature phase transition in a one-dimen- 
sional system, and, other than for the half-filled band, there is not 
even a broken symmetry state at zero temperature. Nonetheless, the 
fact that the superconducting susceptibility begins to diverge below 
the hole degeneracy temperature E* = h2/2m* (da)2 x2, where m* 
is the hole effective mass and x is the hole concentration per site, 
implies that if stabilized by interchain interactions, systems which 
condense into the valence bond state described above are good can- 
didates for high temperature-superconductors. There are several fea- 
tures which determine the optimal materials for finding high tem- 
perature-superconductivity : 

A. The formation of a valence bond statei: 

For this it is necessary for the system to have a nearly half-filled band. 
Far from a half-filled band, the system can lower its energy by break- 
ing valence bonds, and forming a more normal metallic state. In terms 
of the continuum model, this is reflected in the fact that far from 
half-filling, g3 has negligible effect so that the scaling of g, to larger 
negative values in Eq. (13) is much slower at best, and may even 
change directions. Of course, for the half-filled band, the system is 
insulating and for x too small, the value of E* is also small, and any 
disorder will localize the holes. The optimal value of x is thus the 
largest value of x which does not destroy the valence-bond state. Two 
signatures of systems with a tendency to form this state are that they 
form a bond-charge density wave when the band is half-filled, and 
that the charge carriers formed on doping are spinless. These are, of 
course, also features of the SSH model of polyacetylene, and appar- 
ently are properties of most conducting  polymer^.^ 

6. Small value of the hole effecthn mass, m*: 

A second quantity which sets the scale of E* is the hole effective 
mass, m* . In the limit we have considered here, where the electron- 
phonon interactions are weak, the hole effective mass is a number 
greater than, but of order one times the band effective mass (see Eq. 
(36)). When the electron-phonon coupling is much stronger than the 
electron-electron interactions, and especially for ho,, << A,, we ex- 
pect a large polaronic increase in the effective mass. In this limit, the 
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HIGH TEMPERATURE SUPERCONDUCTORS 477 

effective mass is proportional to the ion mass M = K/og according 
to4 

where A is a number of order 1, is the magnitude of the Peierls 
distortion, and 5 is the width of the charged soliton. (That Coulomb 
interactions tend to reduce the hole effective mass can be seen5 even 
in this limit, where, to first order in U, 5 is an increasing function of 
U, and hence m* is a decreasing function.) Ideally, one wants to find 
a system with the smallest electron-phonon coupling needed to sta- 
bilize the valence bond state. In plyacetylene, there is a moderate 
increase in the soliton effective mass due to electron-phonon coupling; 
it is found experimentally24 to be m* = 3m,. 

C. Large value of the interchain Josephson coupling 

A single soliton cannot hop between chains. At high temperatures 
the interchain hopping must be dominated by some form of inco- 
herent inter-soliton hopping25 as shown in Figure 2a in which an 
electron hops from a neutral solition on one chain to a charged solition 

o m - -  - 
-.t - - - -  

LlGURE 2 Interchain coupling-schematic representations of 
a) Intersotiton hopping 
b) Incoherent soliton pair hopping 
c) Josephson coupling or coherent soliton pair hopping. In the virtual intermediate 
state there is a neutral soliton on each chain. It is clcar that this process can also be 
viewed as the coherent tunneling of a valence bond (i.e., a real space Cooper pair) 
between chains. 
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418 S. KIVELSON AND G. T. ZUllANn 

OD another, or effectively charged and neutral soliton on neighboring 
chains swap places. This process is proportional to the concentration 
of neutral solitons hence at T < As, this process should produce a 
conductivity uI - p&T, where ps = 1/rVS is the density of states for 
neutral solitons in the absence of interactions. An analogous process 
has been proposed% to explain the conductivity in the C direction in 
YB~,CU,O,-~. At T < A,, this process makes an exponentially small 
contribution to the conductivity, a, - e-hkT. Here incoherent so- 
liton pair hoppine shown schematically in Figure 2b could make a 
significant contribution to the conductivity. However, we consider it 
more likely that coherent pair tunneling, i.e. Josephson tunelling, 
should be the most significant process for T < As. As is clear from 
Figure 2c, in the absence of polaronic effects, this should produce a 
Josephson coupling T per unit cell between neighboring chains of 
order 

where & is a number of order 1 and t, is the interchain hopping 
matrix element. In the presence of strong coupling to slow (hw, << 
As) phonons, this coupling will be reduced by a Frank-Condon factor. 
However, calculations28 done in the pure SSH model suggest that 
even here, the Frank-Condon factor reduces t by a small amount 

In the presence of a Josephson coupling between chains, a true 
phase transition to a superconducting state can occur. Following Efe- 
tov and Larkins’sm self-consistent harmonic approximation, we es- 
timate the superconducting transition temperature according to 

only. 

where 
ity, which we estimated in Eq. (20). Thus 

is the one-dimensional singlet superconducting susceptibil- 

kT, - A (E*) [ (t), ST 
where x = Oj(38, - 1) is between 0.5 and 1, and again A is a number 
of order 1. 

We see that to attain a high T,, the ideal system should have a 
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HIGH TEMPERATURE SUPERCONDU~ORS 479 

large T, hence moderately well coupled chains (tl not too small) and 
weak electron-phonon coupling. 

D. SUPPRESSION OF THE 3-D CDW INSTABILITY BY 
FRUSTRATION 

The other instability which generally competes with superconductivity 
in quasi-one-dimensional systems is the CDW or Peierls instability; 
in the present model we have seen that the CDW susceptibility is at 
least as divergent as the SS susceptibility. Thus, if the system is to 
be metallic or superconducting, the 3-D CDW instability must be 
suppressed. Fortunately, this can be done rather straightforwardly 
by introducing a small amount of disorder into the system to frustrate 
the CDW order. A small degree of disorder in the arrangement of 
the dopant atoms will tend to pin the CDW with random relative 
phases on different polymer chains, thus making phase-locking be- 
tween neighboring chains difficult. By contrast, such disorder will 
have small effect on the metallic state,= nor on the superconducting 
transition. Alternatively, if the polymer chains interweave with each 
other, as shown in Figure 3, this will frustrate the CDW transition, 
since the CDW coupling is an intrinsically “anti-ferromagnetic” in 
that it favors the opposite sign of the order parameter on neighboring 
chains,3l while it will have little effect on the superconducting tran- 
sition since the Josephson coupling is “ferromagnetic.” The conclu- 
sion is that while good polymer alignment and perfection are desirable 
to enhance coherence effects, perfect crystallinity may not be a de- 
sirable goal, since a polymer crystal, like the charge transfer salts 
before them, will likely condense into a semiconducting Peierls state 
at low temperature rather than remaining metallic, or becoming a 
superconductor. 

. 
\ ,-- --  - - - ---- ----- 

\ /  

.--- - -- 
.\ 7 

- - - - - - - - - - -  ----- 
- - “--- - - - - - 

. . . 
FIGURE 3 Schematic view of the sort of interweaving of polymer chains that frus- 
trates the CDW instability. To the left, the phases of the order parameter on the 
various chains are chosen to minimize the interchain coupling (-represents positive 
order parameter) and (- represents a negative order parameter). Note the frustration 
produced by the interweaving. 
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