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High Temperature Superconductors,
RVB, and Conducting Polymers

S. KIVELSON and G. T. ZIMANYI*
Department of Physics, SUNY at Stony Brook, Stony Brook, NY 11794

There is a strong analogy between the resonating-valance-bond (RVB) theory of high
temperature superconductivity and the theory of doped conducting polymers. We have
computed the properties of the one-dimensional electron—gas with repulsive electron—
electron interactions and attractive interactions mediated by electron~phonon cou-
pling. For the nearly half-filled band we find that the repulsive interactions strongly
enhance the tendency for superconductivity. Finally, we discuss the implications of
our results in terms of strategies for producing highly conducting metallic, or super-
conducting polymers.

. INTRODUCTION

An old question has been endowed with renewed urgency by the
discovery of high temperature superconductivity is whether super-
conductivity can arise from purely repulsive electron—electron inter-
actions. This is particularly so in the light of the delicate balance that
exists in these materials between magnetism, which is generally as-
sociated with strong repulsive interactions, and superconductivity. In
this note we study the properties of the one-dimensional electron gas
with repulsive electron—electron interactions and retarded attractive
interactions mediated by the electron—phonon interaction. Among
other results, we will show that while divergent superconducting fluc-
tuations do not arise in the purely repulsive model, the addition of
even very weak attractive interactions drives the system to a regime
of strongly divergent superconducting fluctuations. It is important to
stress that the situation here is fundamentally different than in three
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dimensions. In three dimensions, the fact that the repulsive Coulomb
interactions are renormalized to a weak pseudo-potential implies that
the strong repulsive interactions do not necessarily destroy supercon-
ductivity; in one-dimension they actually drive the superconducting
instability. Of course, a strictly one-dimensional system can never
undergo a phase transition to a state with a broken continuous sym-
metry. However, we make the standard argument, which we will
return to in Section VI, namely, that the presence of weak interchain
coupling can produce a genuine superconducting transition at a tem-
perature which is a significant fraction of the characteristic temper-
ature at which the superconducting fluctuations begin to diverge in
the purely one-dimensional model. Thus, we will refer to a state with
a divergent superconducting, charge-density-wave (CDW), or anti-
ferromagnetic, susceptibility as being superconducting, CDW, or anti-
ferromagnetic. Note that it is possible for more than one susceptibility
to diverge in a given state.

The paper is organized as follows: in Section II, we define the
discrete and continuum models of the one-dimensional electron gas
with strong repulsive and weak retarded interactions. In Section III
we solve the continuum model using a combination of exact results
for the spectrum and renormalization group results for the correlation
functions. This section is rather technical and can be skipped by the
casual reader. In Section IV we analyze the electron—gas in terms of
simple valence bond states and show that the results produce the
same low energy physics as the “exact’ solution in the appropriate
region of interaction space. This analysis is almost pictorial, and can
be understood without reading Section III. In Section V we discuss
the relation between our results and the resonating valence bond
theory of high temperature superconductivity in quasi-two dimen-
sional systems. Finally, in Section VI we discuss the implications of
our results in terms of strategies for producing more highly metallic
conducting polymers, and especially for high-temperature supercon-
ducting polymers.

. THE MODELS

The models we consider can all be considered to be various limits of
the extended Hubbard-Peierls model

H = Hy + Hgpn + H, 1)
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Here H,, is the pure electronic extended Hubbard model

Hy= -2 t,[CiCpyi + hoc)]
n,s
1
+h2[C Cy ~CHCul+ [0 —3U-V]

X 2,CCp + UY, C#C, 1 CHC,  + VD [ZC;C,,,]
X [EC,;.C,,S,]

2
+ 12W, C:Chiis + hec.
2 [2 : ] )

where C;. creates an electron of spin s on site n, p is the chemical
potential, & is an external magnetic field, and W, is a repulsion
between bond-charge density, as distinct from the site-charge-density
repulsion (U and V) present in the usual extended Hubbard model.
(See discussion in Ref. 1). For widely separated sites, i.e. when ¢t <<
U, we expect 12U > V >> W,,. For p = h = 0, the Hamiltonian
H,, is charge conjugation symmetric, as can be seen by applying the
charge conjugation operator defined in Ref. 2. Thus, p = 0 corre-
sponds to a half-filled band.

The electron—lattice interaction is represented by including a de-
pendence of the site energy and hopping matrix elements on the lattice
degrees of freedom, v, and 1,

Hel-ph = 2 en[Cr:ans - 1/2] - 2 atm'[crtrcnﬂs + hC] (33)

where we assume linear electron—phonon coupling,
€, = Bv, (3b)
ot, = au, (3¢)

Thus, v, is an internal molecular coordinate at site n which couples
to the site charge as in the molecular crystal model of Holstein,* and
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u, modulates the bond between site n and site n + 1, and hence
couples to the bond charge as in the Su-Schrieffer-Heeger* (SSH) of
polyacetylene. (In the SSH model, u,, is the change in the bond length,
and hence is the difference in the displacements of sites n and n +
1, u, = [x,.1 — x, — a].) Of course, u, and v, need not necessarily
represent lattice degrees of freedom; u, could just as well represent
the effect of a localized electronic degree of freedom associated with
the bond from nton + 1, in which case it might be a discrete variable.

Finally, the pure lattice part consists of a sum of a kinetic energy
term T(u,, v,) and a potential energy V(v,, u,). In the simplest cases,
u, and v, represents fairly local modes, i.e. Einstein oscillators. In
this case

H

2
phzz{—ll+”5+§u3+5vi} @
where P, and P, are respectively the momentum conjugate to u, and
v,. (Alternatively, if u, represents an acoustic lattice deformation, as
in the SSH model, then u, = x,,; — X, and P, is the momentum
conjugate to x,,.)

There are two interesting limits of the lattice dynamics which can
be easily considered. If the lattice is fast, that is if u, represents an
optical phonon or excitonic mode which has an energy h, large com-
pared with the relevant electronic energy then u, can be integrated
out in the inverse adiabatic approximation. The result is an effective
Hamiltonian for the electronic degrees of freedom of the same form
as Eq. (2) but with renormalized values of the parameters. Since U
and V are already large, the renormalization of these parameters is
unimportant. However, W, can easily become attractive

W,—> W =[W, —tA] <0 (5)

where A = 8a?/nK1, is the dimensionless bond-charge phonon cou-
pling. We return to discuss this case in Section IV. The other limit
is when the phonon is slow compared to the electronic degrees of
freedom. With weak electron—phonon coupling and no electron—
electron interactions, this model is just the SSH model of polyace-
tylene.* This model, and its extension to include weak,’° and
intermediate’ and strong® electron—electron interactions has been
studied extensively in the context of polyacetylene. (For a review,
see Ref. 9).
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Finally, for weak coupling, the model can be studied in the con-
tinuum limit. The appropriate continuum model is familiar’®-*? from
“g-ology”:

Ho = [ debVe b 0] - igad.lou(d)
+ 810 2 WA N (o)

+ g 2 W N (o (D)

+ 822 2 U (N ()

+ 85 D W (N (a(x) + hoc.] (6)
+ 84 Z [ ) O R () ()

+ Y (O (e (2()]

+ (i) Swrenem + ()
X W51 @) — W70, 0]

where §,(x) is a two component spinor field, ¥}, + (x) creates a
right moving electron of spin s and crystal momentum =/2a (corre-
sponding to ky for the half-filled band), ¢¥, + (x) creates a left-
moving electron, g;, and g,, are the backscattering matrix elements,
g, and g, are the forward scattering matrix elements, and g, is the
umklapp scattering. If these parameters are derived by taking the
naive continuum limit of Eq. (2), then to first order #Vg = 21,4, g,,
=[U -2V + 4W)a = g, 8, = [U + 2V]a, g, = [U - 2V —
4W]la, and g, = (U + 2V)a, where a is the lattice constant. (The
overall phase of g; is a matter of convention since the Hamiltonian
is invariant under the transformation W, (x) = e, (x), b, (x) —
e, (x) and g; — €2(#2=4) g. ) For any model which is spin rota-
tionally invariant, g,, = g,,. To complete the definition of the model
a regularization procedure must be specified; in this case we introduce
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a band-width cutoff, Ep ~ AV kg, corresponding to the Fermi energy.
Note, unlike many other workers we treat the half-filled and non-
half-filled bands on an equal footing by varying p; for large w, g5
becomes unimportant. g, is always relatively unimportant; it simply
produces a shift in the spin and charge velocities, V., = Vg (1 + g,)
and V, = Vg (1 — g,) respectively.

Similarly, the continuum version of H,,.,;, can be constructed as in
Ref. 13.

Hup = 3 [ dehVebr 0 {8002, + 6,00 + $0MG) (1)

where A(x) is the 2kx component of the hopping matrix modulation,
A(na) = 12(—-1)"[dt, — dt,_,], &y(x) is the 2k component of the
site energy modulation, ¢,(na) = 1/4(~1)"[2¢, — €,., — €,-1], and
&,(x) is the k = 0 component of the site energy modulation, ¢,(na)
=~ 1/4[2¢, + €,., + €,_;]. Again, there is an arbitrariness in the
phase here; we have made the same choice of phase as in Eq. (6) so

> (Wiraab) + 0 (8a)

signifies a bond-centered charge-density wave and

2 Wran) = 0 (8b)

signifies a site-centered charge-density wave.
Finally, the H,,, is simply the Hamiltonian of an Einstein oscillator

R 2 ,n.2 .n.2 2 0)2 2
H,,,,=fdx{-'-’zé+71+-22+%y+7l¢g+%¢g} ©)

where 7, is the momentum conjugate to A, and m, are the momenta
conjugate to ¢,.

. SOLUTION OF THE CONTINUUM MODEL

The continuum model with non-retarded interactions has been ex-
tensively studied, and a variety of features of the solution are known:*-
12 (i) So long as excitations involving states at the band edges can be
ignored the Hamiltonian can be reexpressed as the sum of a charge
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and spin part; all physical correlation functions are expressible as a
product of a spin factor and a charge factor. (ii) In the perturbative
expansion of different correlation functions logarithmic singularities
appear in every order. Therefore one has to sum up at least the most
divergent contributions e.g. by applying the multiplicative renor-
malization group (RG). We study the lowest order scaling equations
because they already establish the qualitative equivalence of the model
with weak bare couplings to some solvable models. The RG flows
are determined by integrating out the states between E and Eg. The
following scaling equations are obtained so long as Ex >> p

, 1

gl - 'ITV, 1 (loa)
R e 10b

gc - ‘lTVC 3 ( )
- 10c

8 = Ly 8 (10c)

where g; signifies a derivative of g; with respect to In(Ey) and g, =
81y — 28,. (When Eg is of order p, the scaling equations cross over
to those of an incommensurate system which are the same as those
in Egs. (10) with g5 (the umklapp scattering) set equal to zero.) (iii)
The spin excitation spectrum is gapless if g, > 0, and has a gap A, if
81 < 0. The charge excitation spectrum is gapless if g. = |g3|, and has
a gap A, otherwise. However, the Fermi energy lies in the gap only
so long as p < A.. (iv) The ground-state has a divergent antiferro-
magnetic susceptibility if A, = 0 and if the charge spectrum has a
gap at the Fermi surface; it has a divergent singlet superconducting
and/or CDW susceptibility if A, > 0 and if there is no gap to charge
excitations at the Fermi surface. (v) We will show in Sect. IV that
forg. <|gil, . <0,and g3 >0, (i.e. forU>2V>0and W< —1/
4 (U — 2V)) the strong-coupling limit can be completely analyzed
in terms of nearest-neighbor valence bond states, in direct analogy
with the RVB analysis of the 2d problem. In particular, the charge
excitations are spinless solitons, which can be thought of as bosons
with short ranged repulsive interactions, and the spin excitations are
massive, neutral solitons.

In the half-filled repulsive Hubbard model (U — 2V + 4W = (),
antiferromagnetic fluctuations dominate over superconductivity and
even on doping the system fails to become superconducting. How-
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ever, the following fact is conspicuous. The scaling trajectory for the
spin-degrees of freedom follows the separatrix between the A, = 0
and A, > 0 phases and eventually scales to the unstable noninteracting
fixed point g,, = gy; = 0. Thus one suspects that a small additional
attraction might make the trajectories enter the A; > 0 phase.

We thus consider the effect of a weak retarded attraction which
could arise due to a weak coupling of the electrons to almost any
other degrees of freedom, since second order perturbation theory
gives a negative contribution to the low energy states. We consider
explicitly two extreme models of electron-lattice coupling: (i) the SSH
model in which the lattice distortions modulate the electron-hopping
matrix elements, (« # 0, B = 0) which we will refer to as coupling
to the bond charge, and (ii) the molecular-crystal (MC) model in
which an optical phonon couples to the electron site energy (o = 0,
B # 0). The phonon propagator takes the usual Bose form, D(k,»)
= w’(k)/(w?* — w?(k)). For an SSH coupling, the coupling vanishes
at zero momentum transfer, so we can approximate the dispersion
by its value at the zone boundary, (k) = w(2kg) = wp. For the MC
model, we can approximate the optical-phonon dispersion by an Ein-
stein oscillator. Thus, wy, is roughly k independent and its frequency
dependence can be approximated by ‘

b = { TGl a

thus, we define’*!® retarded interaction g; analogous to the instan-
taneous interactions g;. For the SSH model —§, = §; = 4(a*/K)a >
0 and g, = O while for the MC model —g; = —g, = —-g, = (BY
K)a > 0.

The one loop scaling equations for this two cut-off model can be
derived simply. The scaling equations for the instantaneous inter-
action g; (Eqgs. 10) are unaffected by the presence of retarded inter-
actions to this order. The equations for the retarded interactions are

1 ) _ _
&= vy 3288, + 88 + 1288 + &+ & (122
g =0 | (12b)
1 - . _
&= . [372 8,85 + g:6: + 12885 + 2 §,8;] (12c)
F
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These results differ from earlier results!*!5 by the presence of cross-
terms g;£,. The scaling equations for g, and g; can be combined to
produce two separate scaling equations for §* = g, + g,

FIS 1 ;+ - 4
§% = v, B2a x g + 128]8" + g% (13)

which implies, among other things, that if initially §, = +g,, as in
both the MC and SSH models, this equality is preserved by the scaling
equations. In addition to these equations, wp, also renormahzes due
to the Peierls softening;'*!! for the SSH model

1
Wp = wp 1'rVF8+ (14)

(Note that p. does not renormalize. This can be seen by bosoninzing
the theory.!? The density of electrons is then proportional to 4.0,
and hence the chemical potential is a topological term since it mul-
tiplies a tota] derivative.)

There are several important consequences of Egs. (12) that are
immediately apparent. A positive derivative implies that g; scales
toward large negative values as high energy degrees of freedom are
integrated out. For dominantly repulsive interactions, the cross terms
are the most important, since g; >> g;. For the SSH model of H,,
the first term in Eq. (12a) is negative, while all the other terms are
positive, including the g* terms while in Eq. (12c) the first term is
positive, and all other terms are negative. Thus, as g, scales to zero,
and g_ and g, scale to larger magnitudes according to Egs. (10), &,
in particular, and §; also scale to larger magnitudes at an ever-in-
creasing rate, and this rate is proportional to the strength of the
electron—electron repulsion. If we make the crude approximation

-(32¢g + g + 12g) = —(3/2) AUa >> g for Eg >> Eg > wp,
then

§:(Er) ~ &[E/Eg] (15)
where £, is the bare value of §,, §,(Ey) is its renormalized value after
integrating out the states between Ey and Ef, 6 = (3/2)A Ua/nwVg,

and A is a number of order one which depends weakly on E;. For
|g| > g, the scaling is even faster.
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The perturbative scaling equations break down when g;/mVg gets
to be of order one, and even the notion of scaling equations becomes
dubious; it is only in the vicinity of the (unstable) fixed point at g;
= ( that we can safely ignore the irrelevant interactions that are
generated as we integrate out the high energy degrees of freedom.
Faced with this, one traditionally notes that the value of Ef at which
&; gets to be of order one is a characteristic energy of the problem
which can roughly be identified as the gap A. In the present problem,
a crossover in the scaling equations can also occur when Eg ~ o,
where w, is defined by the expression ©, = wp(w,) and wp(EE) is
the renormalized value of wp, after that states with energy between
Er and E. have been integrated out. Hence w, is the physical phonon
frequency. Because it is the simplest case, we will discuss here the
situation in which w, > A_, A,. (The case A, A, >> o, has been
treated®-? in the context of polyacetylene near half-filling and is qual-
itatively similar to the present results. The case A, > w, > A, is
complicated and will be treated in a future communication.) When
Ef ~ w,, g and §; represent practically the same scattering process,
and we can approximately represent their combined action in terms
of a single, non-retarded interaction

g = 8(w,) + g{w,) (16)

where g{w,) and g{(w,) are obtained by integrating the scaling equa-
tions from E; to w,. (There is also a small renormalization of the
Fermi-velocity’* which arises from integrating out the states with
Ef ~ o,.) The result is that the properties of the system at energies
small compared to w, can be derived from a standard g-ology model
with interactions g, and band-width «,.

Several important physical consequences of the scaling equations
can be derived simply:

(i) Even if the bare interactions are dominantly repulsive (i.e. g,
>> |g4]), if w,/Eg is sufficiently small, the low energy properties of
the system will correspond to a negative g]. Thus, the system
will have a non-zero spin-gap and the possibility of divergent super-
conducting and CDW susceptibilities. Moreover, as shown in Eq.
(15), this gap will be larger, the stronger the repulsive interactions.

(ii) Because of the decoupling between the spin and charge degrees
of freedom the gap in the spin excitation spectrum is approximately
independent of doping concentration for low concentration.

(iii) Despite the fact that the low energy properties are character-
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istic of attractive interactions, at high energies or temperature, E >>
w,, the fact that the bare interactions are repulsive implies that the
dynamic anti-ferromagnetic susceptibility should be large.

To obtain explicit expressions for the correlation functions, we must
find a model along the scaling trajectory which we can solve in a
controlled approximation. At present, we can only do this in a rather
crude level of approximation. Here we sketch the results. The ap-
propriate excitation spectrum, and the spin and charge factors for
each correlation function of the g-ology model in Eq. (6) can be
related'®-12 exactly (via bosonization) to the solution of a massive
Thirring model

Hyr = | deb @-iV,0.0, + A0, + pJ0()

| )
—&, [ dxit 003 L)
where for the spin degrees of freedom
V, =V, = Vg 5/4[1 + 3/10 v,] (18a)
W =0 (18b)
A, = A = Epv, (18¢)
and
8./mVE = 32(1 + 5/6vy) (18d)
while for the charge degrees of freedom
V,=V,=Vp-54(1 + v, + 310, (19a)
Po = B (19b)
A, = A, = Epy; (19¢)

and

g /mVE = 32(1 + v, + 5/6,) (19d)
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where «y; = g;/mV are dimensionless coupling constants. The spec-
trum of this model for p. = 0 has been computed by Bethe ansatz,
however the correlation functions are not known. The model is, of
course, soluble on the Luther-Emery (LE) line where g, = 0. How-
ever, we cannot simply assume that the correlation functions of the
original model can be related to the solutions of the model on the
LE line by using of the scaling equations, since the scaling equations
are only exact near the unstable fixed point at g; = 0. Away from
this point, the irrelevant interactions which are generated upon in-
tegrating out the high energy states cannot be ignored, and since the
LE lines occur when v, and/or y, = —6/5, the irrelevant interactions
can, in principle, be substantial.

Since the spin-spectrum has a gap, this does not produce major
difficulties in handling the spin degrees of freedom. The only effect
of the irrelevant interactions is to renormalize the spin-gap; the gap
cuts off the antiferromagnetic and triplet-superconducting fluctua-
tions, and the spin contribution to the singlet-superconducting and
CDW susceptibilities is a constant factor proportional to the square
of the gap.!!

For the doped system, the irrelevant interactions change the charge
excitations from non-interacting quasi-particles to an interacting sys-
tem. Thus, it is not reasonable to scale as far as the LE line. If we
scale the system to the vicinity of the LE line, so that

Er
c—— <
ln(A)< 1

the model is still soluble in the sense that scattering between the
negative and positive energy states can be trated in perturbation
theory'” in X. In studying the low energy properties of the system,
we can linearize the spectrum about p, which results in a new effective
Hamiltonian, of the same form as Hy,, but with A, = 0 (massless
Thirring model) and the remaining terms determined up to pertur-
bative corrections in powers of X from the parameters of the original
model according to V, = V (p — A))/A_, the band-width cutoff Eg
= |u — A/, and the interaction g, unchanged. The massless Thirring
model is exactly soluble by bosonization. To minimize the importance
of the irrelevant interactions, we would like to stop the scaling where
v; is as small as possible. However, the smaller the value of g, where
we stop scaling (hence the closer vy, is to —6/5), the more accurate

L

X = |7,
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is our perturbative solution of the MT model. The optimal accuracy
is thus obtained if we scale to the point Ei where both

Er - Er
7 In ( Ac) andY = lyJIn (Ex':)

are smaller than 1. This can be done with only moderate accuracy.
‘What this means is that while the low energy, long wavelength prop-
erties of the charge excitations are well approximated by a Massless
Thirring model, we can only approximately determine the depend-
ence of the parameters of that model on the bare parameters. For-
tunately, none of our conclusions are extraordinarily sensitive to the
precise values of any of these parameters.

Combining all these results we obtain an approximate expression
for the two divergent susceptibilities at low temperatures, kT < min
{A,,E*}: the superconducting susceptibility is obtained as:

8

X= 2nV,

A 2
XSS ~ (h\;) (E*/kT)2-*" (20)

and for the incommensurate CDW susceptibility we obtain

Xcow ~ (8,)* (E*/KT)*~* @1
where the exponents
12
1+ vy + 12y,
b = (1 + v, — 12y, - @

and the characteristic energy below which the fluctuations begin to
diverge is the minimum of A, and

E* = |u - A.. (23)

As mentioned above we can only roughly calculate the value of 6, in
terms of the parameters of the original model, but since both X and
Y must be small, 0 > v, > —6/5, and hence 1/2 < 8, < 1—the CDW
susceptibility is thus the most divergent, but the superconducting
susceptibility is likely comparably divergent. It is easy to sec as well
that the stronger the bare repulsive interactions the larger the A,
and hence the stronger the fluctuations. The only important role of
the retarded interactions is to produce a gap in the spin spectrum.
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IV. VARIATIONAL ANALYSIS IN TERMS OF VALENCE BOND
STATES

In this section we consider the purely electronic Hamiltonian given
in Eq. (2) in the strong coupling limit U — 2V >> ¢, and W < 0.
We consider the case of attractive bond charge interaction W, — W
< 0in Eq. (2). We treat this problem in terms of a variational ansatz
for the ground state and the low lying excited states.

Our ansatz wave function for the ground state for the half-filled
band is constructed out of a product of nearest-neighbor valence bond
pairs. Because of the one-dimensional geometry, there are only two
such states we can construct, as shown in Fig. 1a. Thus, for instance,
[¥a) is the state

[ba) = II' b, + |0) (24a)
where

1
by = \—ﬁ[C,TTC,Tn; + Gt Cr 10 (24b)

where the prime signifies that the product is over half the number of
sites and the phase convention for the valence bond states is defined
in Eq. (24b). Since |§,) and |§g) are macroscopically distinct, we
must choose one or the other to be the ground state (broken sym-
metry). Thus, as with the Laughlin? state in the quantum Hall effect,
we have constructed a variational trial state with no variational pa-
rameters. The variational ground state energy is easily evaluated to
second order in ¢:

(baHWa) = =N (5/43) = E, (25)
where N is the number of sites and

J= W+ 23U - V) (26)

is the effective coupling. This is a fairly good variational energy, but
we do not consider it worthwhile to compare it to variational energies
of states with different symmetry.
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As long as our variational ansatz is a good approximation to the
true ground state, it has broken symmetry; perturbative corrections
cannot change this conclusion. It can be characterized by a charge
density wave order parameter

2
b = (—1)»% {[2 CiCphuis + h.c‘.] + %}

(27a)
- 3 Sn n+l
where
1
S, = 52 C 0. Coor. (27b)
In A-phase
(al balba) = 1 (28)
while in B-phase
(¢B|$n|'l‘b> = -1 (29)

All other correlations are short-ranged for the half-filled band since,
as we shall see, there is a gap to spin and charge excitations.
The energy of spin excitations can also be estimated variationally

by constructing a plane wave of spin soliton states of the sort shown
in Fig. 1b.:

¥ans) = LLI b;,] Cie LLI bz,n] o @)

in terms of which

X = \/% S R (i), (280)
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a) ~——e ———e ~— ='I|JA >
° 1 2 3 4 s

—e ——e >~ — —IIIJ' >

b) — — o—o =|!|lm>

c) —e *~——e . ~— =|'.|J"+>
n

d) — m —_— =10 >

e —= e t:‘l — =lw, _>

f) — ﬁ:}\ —_— =l _>

FIGURE1 Diagrammatic representation of valence bond states. Here a line between
two sites represents a singlet pair on those two sites.

a) The two possible valence bond ground states. The numbers label the lattice sites.
b) A spin-soliton on site n. Here the isolated site n is occupied by a single electron
of the indicated spin.

c) A positively charged soliton. Here the isolated site n is unoccupied.

d) A positively charged soliton with extended valence bond pair. Note that from a
topological point of view, the soliton is on sitc n + 1 (or n ~ 1), not on site n.

€) A negatively charged soliton. (see c).

f) A negatively charged soliton with an extended valence bond pair.

The dispersion relation of the spin quasi-particle is then computed
according to

(e Hib) _ ¢
Wl

_ J5 _ 2]5cos (2k) — 4
- J{4 3 [5 — 4cos (2k)]} (299)

E(k) = (29a)
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In computing E(k) we have used the relations

ultiznd = (3) {0+ 23+ T

and

1 {mi

E(k) is minimal for small k, E(k) = AJ1 + Ak?] where A; = 7/12J
and A = 144/7.

Note that the spin excitation is indeed a topological soliton in that
it is a domain wall between A-phase and B-phase. Thus, spin quasi-
particles must be created in soliton-anti soliton pairs (the gap to spin
excitations is 2A,), and they can never pass each other. To construct
multi-soliton wave-functions, they can be treated as hard-core bosons
or spinless fermions. (In one dimension, there is not distinction be-
tween the two.) Their quantum numbers are easily determined by
inspection: they are locally charge neutral and they have spin 1/2.
An important consequence of their topological nature is that even a
very dilute gas of them destroys the long range charge density wave
order. In particular, if we consider the charge-density wave corre-
lation function in the presence of a finite concentration of these
neutral solitons

(tf;,.dS,.m) = <cxp [i'n .E: N])

(32)

~ |m|==

where N, is the soliton number operator such that N, = 1 if site n
is occupied by a soliton (regardless of its spin) and N,, = 0 if site n
is unoccupied, and « is an exponent which can be computed in terms
of the density—density correlation function of the soliton gas, and
depends somewhat on the soliton-soliton interactions (see discussion
of the Massive-Thirring model above).

The nature of the charge excitations can bg studied by a similar
variational ansatz. To study the charge + e soliton states, we consider
diagonalizing the Hamiltonian in the subspace of states of the sort
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shown in Figs. 1c and 1d. |{,. ) is a state with a positively charged
soliton at position n '

Was) = [H bzn] [H bzm] j0) (33) |

m<n m>n

and [,,) is a state with a positively charged soliton at position n
and a long bond connecting sitesn — 1 and n + 1

N-’;w) = [ H bztn] 71—5 [Cz*.,_u(‘o’:,H;

m<n-—1

-+ C;,.mc;,.-u] 1 btaslo). 69

The approximate eigenstates are thus of the form

Maed = TR D 5 llls) + villamar (39)

and u, /v, is computed from the solution of the characteristic equation.
The resulting excitation spectrum is

2
E(H = g + % + 4W = \/@9 + 4¢2 sin?(k)
(36)

+ 2dsin(k)|

==

nlc

where the second line is valid for ¢+ >> J. By charge conjugation
symmetry, the analogous states with negative charge can be obtained
by placing two electrons on the positively charged solitons.

As with the neutral quasi-particles, these charged quasi-particles
are topological solitons. For the half-filled band, the gap to charge
excitations is thus A, where

2
+§2‘I+4W— (—) + 412
@37

!

NS v

- 2t
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The quasi-particles have charge + e and spin 0. At finite concentration
(that is, at non-zero chemical potential) the charge density wave
correlation function behaves as in Eq. (18) where N, now measures
the occupation number of charged solitons. Similarly, we expect power-
law correlations for the super-conducting fluctuations

In — mi

1 o
(ChHCr11CniChiag) ~ (__—) (38)

where at this level of approximation, o is the same exponent as in
Eq. (32) for the CDW correlation. Again, the charged quasi-particles
could equally well be characterized as hard-core bosons or spinless
fermions.

V. THE RELATION TO RVB THEORY

The RVB theory is based on a variational ansatz similar to the one
in Section IV for the ground state of the half-filled band in a two-
dimensional Hubbard model, and on an analysis of the quasi-particle
excitations. Like that theory, we have found superconductivity from
dominantly repulsive, short-ranged interactions in a nearly half-filled
Hubbard model. At high temperatures or energies, both the 1d and
2d systems behave like a fluctuating Heisenberg anti-ferromagnet. %2
We find that in one-dimension the charge excitations are spinless
solitons, and the spin-excitations are chargeless solitons, as they are
in the RVB state.?! We find, moreover, that there is a gap in the
spin excitation spectrum, which is consistent with the two-dimensional
analysis of Kivelson, Rokhsar, and Sethna,?! and the earlier analysis
of Fazekas and Anderson,? and in contrast to the recent work of
Baskaran, Zou, and Anderson,!®?° but this could be special to one-
dimension where there is no valence bond resonance. While the dif-
ference between bosons and spinless fermions is not clear in one-
dimension, the fact that the characteristic energy scale for supercon-
ducting fluctuations is determined by the degeneracy temperature of
the holes, E*, rather than some lower, pairing energy, suggests that
they are best thought of as bosons with repulsive interactions. This
is again reminiscent of the RVB theory where the holes are bosons.?!
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VI. STRATEGIES FOR PRODUCING HIGHLY CONDUCTING
AND SUPERCONDUCTING POLYMERS

There can be no finite temperature phase transition in a one-dimen-
sional system, and, other than for the half-filled band, there is not
even a broken symmetry state at zero temperature. Nonetheless, the
fact that the superconducting susceptibility begins to diverge below
the hole degeneracy temperature E* = h%*2m* (n/a)? x2, where m*
is the hole effective mass and x is the hole concentration per site,
implies that if stabilized by interchain interactions, systems which
condense into the valence bond state described above are good can-
didates for high temperature-superconductors. There are several fea-
tures which determine the optimal materials for finding high tem-
perature-superconductivity:

A. The formation of a valence bond state:

For this it is necessary for the system to have a nearly half-filled band.
Far from a half-filled band, the system can lower its energy by break-
ing valence bonds, and forming a more normal metallic state. In terms
of the continuum model, this is reflected in the fact that far from
half-filling, g; has negligible effect so that the scaling of g, to larger
negative values in Eq. (13) is much slower at best, and may even
change directions. Of course, for the half-filled band, the system is
insulating and for x too small, the value of E* is also small, and any
disorder will localize the holes. The optimal value of x is thus the
largest value of x which does not destroy the valence-bond state. Two
signatures of systems with a tendency to form this state are that they
form a bond-charge density wave when the band is half-filled, and
that the charge carriers formed on doping are spiniess. These are, of
course, also features of the SSH model of polyacetylene, and appar-
ently are properties of most conducting polymers.®

B. Small value of the hole effective mass, m*:

A second quantity which sets the scale of E* is the hole effective
mass, m*. In the limit we have considered here, where the electron—
phonon interactions are weak, the hole effective mass is a number
greater than, but of order one times the band effective mass (see Eq.
(36)). When the electron—phonon coupling is much stronger than the
electron—electron interactions, and especially for hw, << A_, we ex-
pect a large polaronic increase in the effective mass. In this limit, the
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effective mass is proportional to the ion mass M = K/w} according

to*
. — D)\ (a
m —AM(a)(g) (39)

where A is a number of order 1, U is the magnitude of the Peierls
distortion, and £ is the width of the charged soliton. (That Coulomb
interactions tend to reduce the hole effective mass can be seen® even
in this limit, where, to first order in U, £ is an increasing function of
U, and hence m* is a decreasing function.) Ideally, one wants to find
a system with the smallest electron-phonon coupling needed to sta-
bilize the valence bond state. In polyacetylene, there is a moderate
increase in the soliton effective mass due to electron-phonon coupling;
it is found experimentally?* to be m* =~ 3m,.

C. Large value of the interchain Josephson coupling

A single soliton cannot hop between chains. At high temperatures
the interchain hopping must be dominated by some form of inco-
herent inter-soliton hopping® as shown in Figure 2a in which an
electron hops from a neutral solition on one chain to a charged solition

a) # -

b) -

Y e — T

— L e — ——
-~

FIGURE 2 Interchain coupling-schematic representations of:

a) Intersoliton hopping

b) Incoherent soliton pair hopping

c) Josephson coupling or coherent soliton pair hopping. In the virtual intermediate
state there is a peutral soliton on each chain. It is clear that this process can also be
viewed as the coherent tunneling of a valence bond (i.e., a real space Cooper pair)
between chains.
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on another, or effectively charged and neutral soliton on neighboring
chains swap places. This process is proportional to the concentration
of neutral solitons hence at T < A,, this process should produce a
conductivity o, ~ p,kT, where p, = 1/mV, is the density of states for
neutral solitons in the absence of interactions. An analogous process
has been proposed?® to explain the conductivity in the C direction in
YBa,Cu;0,_,. At T < A, this process makes an exponentially small
contribution to the conductivity, o, ~ e~4*T. Here incoherent so-
liton pair hopping?” shown schematically in Figure 2b could make a
significant contribution to the conductivity. However, we consider it
more likely that coherent pair tunneling, i.e. Josephson tunelling,
should be the most significant process for T < A;. As is clear from
Figure 2c, in the absence of polaronic effects, this should produce a
Josephson coupling T per unit cell between neighboring chains of
order

T = A, 12/, (40)

where A, is a number of order 1 and ¢, is the interchain hopping
matrix element. In the presence of strong coupling to slow (ho, <<
A,) phonons, this coupling will be reduced by a Frank-Condon factor.
However, calculations?® done in the pure SSH model suggest that
even here, the Frank-Condon factor reduces ¢ by a small amount
only.

In the presence of a Josephson coupling between chains, a true
phase transition to a superconducting state can occur. Following Efe-
tov and Larkins’s® self-consistent harmonic approximation, we es-
timate the superconducting transition temperature according to

Tx(Te) = kT, (41)

where x,, is the one-dimensional singlet superconducting susceptibil-
ity, which we estimated in Eq. (20). Thus

kT, ~ A (E*) [(%) -é;] (42)

where x = 6/(30, — 1) is between 0.5 and 1, and again A is a number
of order 1.
We see that to attain a high T,, the ideal system should have a
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large T, hence moderately well coupled chains (¢, not too small) and
weak electron-phonon coupling.

D. SUPPRESSION OF THE 3-D CDW INSTABILITY BY
FRUSTRATION

The other instability which generally competes with superconductivity
in quasi-one-dimensional systems is the CDW or Peierls instability;
in the present model we have seen that the CDW susceptibility is at
least as divergent as the SS susceptibility. Thus, if the system is to
be metallic or superconducting, the 3-D CDW instability must be
suppressed. Fortunately, this can be done rather straightforwardly
by introducing a small amount of disorder into the system to frustrate
the CDW order. A small degree of disorder in the arrangement of
the dopant atoms will tend to pin the CDW with random relative
phases on different polymer chains, thus making phase-locking be-
tween neighboring chains difficult. By contrast, such disorder will
have small effect on the metallic state,?® nor on the superconducting
transition. Alternatively, if the polymer chains interweave with each
other, as shown in Figure 3, this will frustrate the CDW transition,
since the CDW coupling is an intrinsically “anti-ferromagnetic” in
that it favors the opposite sign of the order parameter on neighboring
chains,3! while it will have little effect on the superconducting tran-
sition since the Josephson coupling is “ferromagnetic.” The conclu-
sion is that while good polymer alignment and perfection are desirable
to enhance coherence effects, perfect crystallinity may not be a de-
sirable goal, since a polymer crystal, like the charge transfer salts
before them, will likely condense into a semiconducting Peierls state
at low temperature rather than remaining metallic, or becoming a
superconductor.

FIGURE 3 Schematic view of the sort of interweaving of polymer chains that frus-
trates the CDW instability. To the left, the phases of the order parameter on the
various chains are chosen to minimize the interchain coupling (—_ represents positive
order parameter) and (— represents a negative order parameter) Note the frustration
produced by the interweaving.
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